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Abstract. Within the framework of braided or quasisymmetric monoidal categories braided Oˆ-
supersymmetry is investigated, where Oˆ is a certain functorial isomorphism Oˆ : ⊗ ∼= ⊗ in a braided
symmetric monoidal category. For an ordinary (co-)quasitriangular Hopf algebra (H,R) a braided
monoidal category of H-(co-)modules with braiding induced by the R-matrix is considered. It can
be shown for a specific class of Oˆ-supersymmetries in this category that every braided Oˆ-super-
Hopf algebra B admits an ordinary Oˆ-super-Hopf algebra structure on the cross product B ⋊H
such that H is a sub-Hopf algebra and B is a subalgebra in B⋊H. Applying these results to the
quantum Koszul complex (K(q, g), d) of the quantum enveloping algebra Uq(g) for Lie algebras g
associated with the root systems An, Bn, Cn and Dn one obtains a classical super-Hopf algebra
structure on (K(q, g), d) where the structure maps are morphisms of modules with differentiation.
∗Supported in part by the Deutsche Forschungsgemeinschaft (DFG) through a research fellowship
1. Introduction
In [DSO] a deformation of the (co-)homology of Lie algebras was found for quantum enveloping
algebras Uq(g) of Lie algebras g associated with the root systems An, Bn, Cn andDn. The deformed
Kozul complex (K(q, g), d) is the cross product of Uq(g) and the q-exterior algebra of forms Λ(X)
together with a derivative d obeying the usual properties. With regard to the results of [Ma1,
Ma2] the question now arises: Does the algebra K(q, g) admit a Hopf algebra structure (which
respects the original complex properties)? An answer to this question is given by the concept of
braided Oˆ-supersymmetry which can be considered as an extension of a given braided symmetry
and is itself a quasisymmetry – braided symmetries were introduced in [JS]. It then turns out that
the Koszul complex (K(q, g), d) is a usual super-Hopf algebra [Man], and that the differentiation
d is compatible with this super-Hopf algebraic structure. In some sense this “dualizes” the results
of M. Schlieker and B. Zumino who found that the algebra of the bicovariant differential calculus
on the quantum group Aq(G) is a super-Hopf algebra where the super-Hopf structure is respected
by the differentiation d [SZ]. Super-Hopf algebra structures on cross products of Hopf algebras
have also been found in [SWZ]. These examples are instructive applications of the more general
Oˆ-super-bosonization in certain braided Oˆ-supersymmetric monoidal categories.
The paper is organized as follows. In Section 2 general facts on braided symmetric monoidal
categories are reviewed [JS, Ma1] and the concept of braided Oˆ-supersymmetric monoidal cate-
gories is introduced. By a braided Oˆ-supersymmetric monoidal category we understand a braided
symmetric monoidal category with quasisymmetry Ψ : ⊗ ∼= ⊗◦ together with a certain functorial
isomorphism Oˆ : ⊗ ∼= ⊗ yielding Oˆ-supersymmetry in the category. Oˆ-Supersymmetric extensions
of results of [Ma1, Ma2] are derived. Especially Oˆ-super bosonization is investigated. In a cate-
gory of H-left modules of a quasitriangular Hopf algebra (H,R) with braided symmetry induced
by the R-matrix [Dri, Ma3], Oˆ-super-bosonization for a specific class of functorial isomorphisms
will be carried out which converts any braided Oˆ-super-Hopf algebra B in this category to an
“ordinary” Oˆ-super-Hopf algebra B⋊H, which is the cross product of B and H. B⋊H contains
B as subalgebra and H as sub-Hopf algebra. For the functorial isomorphism Oˆ(1) of “classical”
supersymmetry these results are then used in Section 3 to show that the deformed Koszul complex
(K(q, g), d) for Lie algebras g associated with the root systems An, Bn, Cn and Dn [DSO] is a
super-Hopf subalgebra of the cross product of the braided super-Hopf algebra Λ(X) (in the cate-
gory of ZZ2-graded D(Uq(g))-modules) with the quantum double D(Uq(g)) of Uq(g) (see also [SZ]).
Λ(X) is the algebra of quantum exterior forms on the quantum group. Furthermore it is derived
that the original algebraic structure of (K(q, g), d) [DSO] enters into the super-Hopf algebra and
that the structure maps are morphisms of modules with differentiation [CE].
Acknowledgements: I would like to thank T.H. Koornwinder and M. Schlieker for stimulating
discussions.
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2. Braided Supersymmetry . . .
For categorical notations we refer to [Mac], for the notion of braided monoidal categories, bosoniza-
tion, transmutation, braided Hopf algebras etc. we refer to [JS, Ma1, Ma2]. We begin with the
definition of braided Oˆ-supersymmetry.
Definition 2.1. Let (C,⊗, 1l,Ψ) be a braided monoidal category† with bi-functor ⊗, unit object 1l
and braided symmetry Ψ, and let Oˆ : ⊗ ∼= ⊗ be a functorial isomorphism such that
Oˆ ◦Ψ = Ψ ◦ Oˆ , (2.1)
and
(OˆΨ)U (V⊗W) = (idV ⊗ OˆWU) ◦ΨU (V⊗W) ◦ (OˆUV ⊗ idW) ,
(OˆΨ)(U⊗V)W = (OˆWU ⊗ idV) ◦Ψ(U⊗V)W ◦ (idU ⊗ OˆVW)
∀ U, V, W ∈ Ob(C) .
(2.2)
Then (C,⊗, 1l, OˆΨ) is called braided Oˆ-supersymmetric monoidal category w.r.t. the braided sym-
metry Ψ. If Ψ2 = id then we speak of an Oˆ-supersymmetric monoidal category w.r.t. Ψ.
Remark. The id-supersymmetry w.r.t. Ψ is just Ψ itself.
The following proposition shows that the unit object is “bosonic” and that OˆΨ is again a braiding
such that (2.1) holds. This is equivalent to Definition 2.1.
Proposition 2.2. OˆΨ is a braided symmetry, i.e. (C,⊗, 1l, OˆΨ) is a braided tensor category and
OˆX 1l = idX⊗1l , Oˆ1lX = id1l⊗X ∀ X ∈ Ob(C) . (2.3)
Proof. OˆΨ : ⊗ ∼= ⊗◦ is a functorial isomorphism and the further properties of a braided symmetry
can be derived simply by applying Definition 2.1. Since OˆΨ and Ψ are braidings we obtain
(OˆΨ)X 1l = Oˆ1lXΨX 1l = ΨX 1l. This completes the proof. 
In the braided monoidal category (C,⊗, 1l, OˆΨ) we can define algebras, coalgebras, bi- and Hopf
algebras w.r.t. Ψ. We call them braided Oˆ-super-bi-, braided Oˆ-super-Hopf algebras etc. If it is
clear from the context we omit the addendum “w.r.t. Ψ”.
Lemma 2.3. Let (B, ηB,mB) and (K, εK,∆K) be an algebra and a coalgebra in the braided
Oˆ-supersymmetric monoidal category (C,⊗, 1l, OˆΨ) respectively. Then ∀ V ∈ Ob(C)
OˆBV(ηB ⊗ idV) = ηB ⊗ idV ,
OˆVB(idV ⊗ ηB) = idV ⊗ ηB
(2.4)
† For convenience we omit throughout the paper the functorial isomorphisms which govern the associativity
of the tensor product and the unital property of the unit object.
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and
(εK ⊗ idV) OˆKV = (εK ⊗ idV) ,
(idV ⊗ εK) OˆVK = (idV ⊗ εK) .
(2.5)
I.e. the unit and the counit are “bosonic”.
Proof. Since Oˆ is a functorial isomorphism and ηB, εK and idV are morphisms in the category,
the lemma can be proved using Proposition 2.2. 
From now on we restrict our considerations to monoidal categories (M,⊗, IK) where IK is a
field, the objects and morphisms in M are in particular IK-vector spaces and IK-vector space
homomorphisms, and the usual tensor transposition τ is a symmetry in M. Let (H,R) be a
quasitriangular Hopf algebra in (M,⊗, IK, τ) and let (HM,⊗, IK) be a monoidal category of H-
left modules and H-left module morphisms in M containing H as a module. In HM the braided
symmetry Ψ0 induced by the R-matrix [Dri, Ma3] is supposed to exist.
Ψ0UV(u⊗ v) :=
∑
R2 ⊲ v ⊗R1 ⊲ u (2.6)
where U, V ∈ Ob(HM), u ∈ U, v ∈ V, R =
∑
R1 ⊗ R2 ∈ H ⊗ H and ⊲ is the action of H on
U and V respectively†. Now we investigate a certain class of functorial isomorphisms Oˆ : ⊗ ∼= ⊗
with the following properties.
Definition 2.4.
i. (M,⊗, IK, Oˆτ) and (HM,⊗, IK, OˆΨ0) are braided Oˆ-supersymmetric monoidal categories.
ii. OˆHV = idH⊗V and OˆVH = idV⊗H ∀V ∈ HM, i.e. H is “bosonic”.
iii. [(idU ⊗ h ⊲), OˆUV] = 0 and [(h ⊲⊗ idV), OˆUV] = 0 ∀U, V ∈ HM, h ∈ H.
Then for these supersymmetries the Oˆ-bosonization theorem can be stated.
Theorem 2.5. Let K be a braided Oˆ-super-Hopf algebra in the category HM. Then the space
K ⊗H can be equipped with an Oˆ-super-Hopf algebra structure in the category M, which is the
cross product of K and H and is denoted by K⋊Oˆ H. Explicitely K⋊Oˆ H has the structure
ηˆ = ηK ⊗ ηH ,
mˆ((u⊗ a)⊗ (v ⊗ b)) =
∑
u (a(1) ⊲ v)⊗ a(2) b ,
εˆ = εK ⊗ εH ,
∆ˆ(u⊗ a) =
∑
u(1) ⊗R(2)a(1) ⊗R1 ⊲ u(2) ⊗ a(2) ,
Sˆ(u⊗ a) =
∑
(SH(R a)(1)R1) ⊲ SK(u)⊗ SH(R a)(2)
(2.7)
where u⊗ a, v ⊗ b ∈ K⊗H, ∆H(a) =
∑
a(1) ⊗ a(2) ∀ a ∈ H and ∆K(u) =
∑
u(1) ⊗ u(2) ∀ u ∈ K.
† In the dual language of coquasitriangular Hopf algebras and comodules [Ma1, Wei] the definitions and
results can be formulated similarly.
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Proof. The definitions in (2.7) yield morphisms in M. It is verified immediately that εˆ is an
algebra morphism. The proofs of the algebra and coalgebra properties of K⋊Oˆ H and the proof of
the identities (id⊗ Sˆ) ◦ ∆ˆ = (Sˆ ⊗ id) ◦∆ = ηˆ ◦ εˆ follow rather analogously like the corresponding
proofs in [Ma1, Wei]. It remains to show that ∆ˆ is an algebra morphism in the category M. An
easy calculation shows that ∆ˆ(1ˆl) = 1ˆl ⊗ 1ˆl. We sketch the proof of the multiplicativity of ∆ˆ. One
observes that
(Oˆτ)(K⊗H) (K⊗H) = (idK ⊗ τ(K⊗H)H) ◦ (OˆKK ⊗ idH⊗H) ◦ (τ(K⊗H)K ⊗ idH) . (2.8)
Equation (2.8) can be obtained by taking into account that Oˆ and τ fulfill Definition 2.4. With
the notation OˆKK(u⊗ v) =:
∑
u↑ ⊗ v↑ one gets on the one side
∆ˆ ◦ mˆ ((u⊗ a)⊗ (v ⊗ b))
=
∑
u(1)
(
(R2 a(1)) ⊲ v(1)
)↑
⊗R2′a(3)b(1) ⊗R1′ ⊲
(
(R1 ⊲ u(2))
↑(a(2) ⊲ v(2))
)
⊗ a(4)b(2) (2.9)
=
∑
u(1) ((R2a(1)) ⊲ v(1))
↑ ⊗R2′R2′′a(3)b(1)⊗ ((R1′R1) ⊲ u(2))
↑ (R1′′a(2)) ⊲ v(2) ⊗ a(4)b(2) .
On the other side one obtains
(mˆ⊗ mˆ) (idK⊗H ⊗ (Oˆτ)(K⊗H) (K⊗H) ⊗ idK⊗H)(∆ˆ⊗ ∆ˆ) ((u⊗ a)⊗ (v ⊗ b)) (2.10)
=
∑
u(1)
(
(R2 (1)a(1)) ⊲ v(1)
)↑
⊗R2 (2)a(2)R2′b(1) ⊗ (R1 ⊲ u(2))
↑(a(3)R1′) ⊲ v(2) ⊗ a(4)b(2)
=
∑
u(1) ((R2a(1)) ⊲ v(1))
↑ ⊗R2′R2′′a(3)b(1)⊗ ((R1′R1) ⊲ u(2))
↑ (R1′′a(2)) ⊲ v(2) ⊗ a(4)b(2) .
In both cases we used the fact that H is a quasitriangular Hopf algebra and K is a braided Hopf
algebra in the category (HM,⊗, IK, OˆΨ0). Comparing the two results yields the statement and
thus Theorem 2.5 is proved. 
A straightforward consequence of Theorem 2.5 is the following corollary.
Corollary 2.6. In K⋊OˆH the Hopf algebra H is embedded through the Hopf algebra isomorphism
H ∼= 1lK ⊗ H ⊂ K ⋊Oˆ H, and K considered as an algebra is embedded through the algebra
isomorphism K ∼= K⊗ 1lH ⊂ K⋊Oˆ H. 
Theorem 2.5 can be formulated for weaker conditions than those listed in Definition 2.4.
Let (M,⊗, IK, τd) be a braided monoidal category which contains H as a (quasitrian-
gular) Hopf algebra, and let (HM,⊗, IK,Ψ
d
0) be a braided monoidal category of H-left
modules in M containing H as canonical module. Assume that there exist two fur-
ther monoidal categories (M◦,⊗, IK), and (HM
◦,⊗, IK) which consists of H-left mod-
ules in M◦, and two forgetful monoidal functors U and HU such that the diagramm
(D-1)
HM
HU−−−−→ HM
◦
V
y V ◦
y
M
U
−−−−→ M◦
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is commutative, where the forgetful functors V and V ◦ are canonical. Suppose that for any
U, V ∈ Ob(HM) a morphism OˆUV : U ⊗ V → U ⊗ V in M
◦ exists and let the usual tensor
transposition τUV be a morphism inM
◦ and the R-matrix induced transposition Ψ0UV according
to eq. (2.6) be a morphism in HM
◦ such that
i. τdUV = OˆVU ◦ τUV and Ψ
d
0UV = OˆVU ◦Ψ0UV.
ii. OˆHV = idH⊗V and OˆVH = idV⊗H .
iii. [(idU ⊗ h ⊲), OˆUV] = 0 and [(h ⊲⊗ idV), OˆUV] = 0.
Then a theorem analogous to Theorem 2.5 holds and a counterpart of Corollary 2.6 can be deduced
similarly. An example for this construction which is not a braided Oˆ-supersymmetry is provided by
the category of complexes [Par, Ma1]. The categoryM := IK-Comp2 with objects being complexes
which have a canonical ZZ2-grading and with morphisms being ZZ2-graded homomorphisms of
modules with differentiation, i.e. d ◦ f = f ◦ d, admits a braided symmetry
τdUV(u⊗ v) = (−1)
uˆvˆ v ⊗ u+ λ (−1)(uˆ−1) vˆ dV(v)⊗ dU(u) (2.11)
where U, V ∈ Ob(M), u ∈ U, v ∈ V are homogeneous elements of degree uˆ, vˆ ∈ ZZ respectively,
λ ∈ IK and dU, dV are the corresponding derivatives. The tensor derivative is given through
dU⊗V = dU ⊗ idV + γU ⊗ dV with grade indicating vector space homomorphism γU(u) := (−1)
uˆu
(see Proposition 3.1). In the category HM := H-IK-Comp2 the objects being the H-left modules
inM where the derivative d is H-module morphism and the action is ZZ2-graded, the morphisms in
HM are ZZ2-graded H-module morphisms of modules with differentiation. There exists a braiding
Ψd0 in HM.
Ψd0UV(u⊗ v) =
∑
(−1)uˆvˆR2 ⊲ v ⊗R1 ⊲ u+ λ (−1)
(uˆ−1) vˆR2 ⊲ dV(v)⊗R1 ⊲ dU(u) (2.12)
where U, V ∈ Ob(HM) and u ∈ U, v ∈ V are homogeneous elements of degree uˆ, vˆ ∈ ZZ respec-
tively. Let M◦ be the category of ZZ2-graded IK-vector spaces and let HM
◦ be the category of
ZZ2-gradedH-left modules inM
◦. Then for all objects U, V ∈M a morphism OˆUV : U⊗V→ U⊗V
in M◦ can be defined.
OˆUV(u⊗ v) = (−1)
uˆvˆ u⊗ v + λ (−1)uˆ (vˆ−1) dU(u)⊗ dV(v) (2.13)
where U, V ∈ Ob(M) and u ∈ U, v ∈ V are homogeneous elements of degree uˆ, vˆ ∈ ZZ respectively.
In this setting the above mentioned extension of Theorem 2.5 and of Corollary 2.6 applies. The
notation is compatible. However there exists no braided Oˆ-supersymmetry since the morphisms
OˆUV in eq. (2.13) do not induce a functorial morphism Oˆ : ⊗
•→ ⊗. Explicit examples of braided
Oˆ-supersymmetries are given at the end of Section 2.
For simplicity let in the following (M,⊗, IK, τ) be the monoidal category of IN0-graded IK-vector
spaces and (HM,⊗, IK,Ψ0) be the monoidal category of IN0-graded H-left modules in M. The
quasitrangular Hopf algebra (H,R) is an object in M through the identification H = H0. The
H-module structure on H is the canonical one. In these categories we consider Oˆ-supersymmetries
according to Definition 2.4.
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Lemma 2.7. [Ma2, Wei] For any X ∈ Ob(HM) the tensor space X
⊗n is an H-left module in HM
and the tensor algebra T (X) =
⊕∞
n=0 X
⊗n is an algebra in the category HM with the usual tensor
multiplication mT , unit 1lT = 1 ∈ IK and module action according to
h ⊲ 1lT := εH(h) 1lT ,
h ⊲ (x1 ⊗ . . .⊗ xn) :=
∑
h(1) ⊲ x1 ⊗ . . .⊗ h(n) ⊲ xn ,
h ⊲
∞∑
n=0
xn :=
∞∑
n=0
h ⊲ xn
(2.14)
where h ∈ H, xi ∈ X ∀ i ∈ {1, . . . , n}, xn ∈ X
⊗n ∀n ∈ {0, 1, 2, . . .}. 
For the functorial isomorphisms Oˆ under consideration we suppose henceforth that for any V ∈
Ob(HM) it holds
OˆT (X)V =
∞⊕
n=0
OˆX⊗n V , OˆVT (X) =
∞⊕
n=0
OˆVX⊗n . (2.15)
Then we obtain the following proposition which can be proved in the same way as the corresponding
statement in [Ma2, Wei] exploiting strongly the braided symmetry properties of OˆΨ0.
Proposition 2.8. T (X) is a braided Oˆ-super-Hopf algebra in the category (HM,⊗, IK, OˆΨ0) with
the algebra structure like in Lemma 2.7. Comultiplication, counit and antipode are defined for any
x ∈ X through
∆T (x) = x⊗ 1lT + 1lT ⊗ x , εT (x) = 0 , ST (x) = −x (2.16)
and by multiplicative continuation according to
∆T (x y) = (idT ⊗ (OˆΨ0)T T ⊗ idT )(∆T (x)⊗∆T (y)) ,
εT (x y) = εT (x) εT (y) ,
ST (x y) = mT (OˆΨ0)T T (ST (x)⊗ ST (y))
∀ x, y ∈ T (X)
(2.17)
for the whole algebra T (X). 
Assume furthermore that (OˆΨ0)XX decomposes into projectors as follows.
(OˆΨ0)XX =
n∑
i=1
αi Pi , Pi Pj = δij Pj ,
n∑
i=1
Pi = idX⊗X (2.18)
where i, j ∈ {1, . . . , n}, αi ∈ IK, αi 6= αj for i 6= j. Then each projector Pi is a morphism in HM.
It is easy to see that for any i ∈ {1, . . . , n} the ideal Ji generated by mT Pi (X⊗X) is an object in
HM which does not contain 1lT and is invariant under OˆΨ0, i.e. (OˆΨ0)T V(Ji ⊗V) ⊂ V⊗ Ji and
(OˆΨ0)VT (V⊗ Ji) ⊂ Ji ⊗V ∀V ∈ Ob(HM). Therefore
T¯ i := T (X)
/
Ji ∀ i ∈ {1, . . . , n} (2.19)
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is an H-module algebra in HM and OˆΨ0 can be defined canonically for T¯
i. Suppose now that
(OˆΨ0)T V = (OˆΨ0)T¯ i V¯ , (OˆΨ0)VT = (OˆΨ0)V¯ T¯ i (2.20)
for any i ∈ {1, . . . , n} and any V ∈ Ob(HM). Then one finds like in [Ma2, Wei]
Proposition 2.9. If there exists an i0 ∈ {1, . . . , n} such that αi0 = −1 in the projector decompo-
sition (2.18), then T¯ i0 is a braided Oˆ-super-Hopf algebra in the category (HM,⊗, IK, OˆΨ0). The
structure maps of T¯ i0 are canonically induced by the corresponding maps of T (X). 
Remark. Through the assignment
U×V 7→ Oˆ
(α)
UV , Oˆ
(α)
UV :
{
U⊗V → U⊗V
ui ⊗ vj 7→ (−α)
ijui ⊗ vj
(2.21)
where α ∈ IK\{0}, U, V ∈ Ob(HM), ui ∈ Ui, vj ∈ Vj, i, j ∈ IN0, a functorial isomorphism
Oˆ(α) : ⊗ ∼= ⊗ is defined on (M,⊗, IK) which is nice enough to fulfill all the properties supposed in
this section†. Thus if one identifies an arbitrary H-left module X with X ∼= X1 then X ∈ Ob(HM)
and
(Oˆ(α)Ψ0)XX = (−α)Ψ0XX (2.22)
which simply rescales the braiding. In the context of [Ma5, SWW, Wei] rescaling yields a new
rescaling generator to obtain an ordinary Hopf algebra while in the context of Oˆ-supersymmetry
rescaling yields Oˆ-super-Hopf structures. This fact will be used in Section 3 in the case of “classical”
supersymmetry, i.e. where α = 1, to obtain the desired results (see also [SZ]). When we speak
henceforth of “braided super-...” without any further indication, we are working with braided
Oˆ(1)-supersymmetry.
3. . . . and (Co-)Homology
The results of Section 2 are now applied to the complex (K(q, g), d) which is a deformation of
the Koszul complex of Lie algebras g associated with the root systems An, Bn, Cn or Dn. Here
we suppose q 6= “root of unity”. We begin by recalling the most important results of [DSO]. It
is known that the adjoint representation ad : Uq(g) ⊗ X → X of the quantum enveloping algebra
Uq(g) in the CI-vector space X of Uq(g)-generating vector fields is defined through
adu(x) =
∑
u(1) xSU (u(2)) ∀ x ∈ X , u ∈ Uq(g) (3.1)
† This functorial isomorphism also appeares in [Ko1, Ma4].
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where SU is the antipode of Uq(g). The vector space X corresponds to the right invariant vector
fields associated with a certain bicovariant differential calculus on quantized simple Lie groups,
such that X generates Uq(g) [CSWW, DJSWZ, Jur, Wor]. A CI-basis in X is given through [DSO]
Xab = δ
a
b 1lU −
N∑
k=1
L+
a
kSU (L
−k
b) (3.2)
where N = n + 1 for An, N = 2n + 1 for Bn and N = 2n for Cn and Dn, a, b ∈ {1, . . . , N}, and
(L±
r
s)r,s=1,...,N are the regular functionals of the corresponding quantum group [FRT]. The space
X is dual to the space Γinv of right invariant one-forms [Wor] with basis {η
a
b |a, b ∈ {1, . . . , N}}
and with left adjoint coaction ΦΓ : Γinv → Aq ⊗ Γinv, where Aq is the quantum group dual to
Uq(g). It holds [Jur, Wor]
< Xab, η
d
c >= δ
ad
cb ,
< ΦΓ(η), u⊗ x >=< η, adu(x) > ,
ΦΓ(η
s
r ) =
∑
t,u
SA(t
u
r) t
s
t ⊗ η
t
u
(3.3)
where η ∈ Γinv and u ⊗ x ∈ Uq(g) ⊗ X. The action of X on X can also be written as a deformed
Lie bracket [Wor].
adx(y) = x y −mU σ(x⊗ y) (3.4)
where x, y ∈ X ⊂ Uq(g), mU is the multiplication in Uq(g) and σ : X⊗X→ X⊗X is a linear trans-
formation with very specific properties [DSO, Jur, Wor]. For the vector fields under consideration,
σ can be written as a projector decomposition
σ =
∑
ρ∈R
ρ Pρ , Pρ Pρ′ = δρρ′ Pρ and
∑
ρ∈R
Pρ = idX⊗X . (3.5)
where ρ, ρ′ ∈ R. The set R consists of complex numbers and it contains 1. The space Λ(X) is given
by
Λ(X) = T (X)
/
(mTP1(X⊗ X)) =
∞⊕
j=0
Λj(X) . (3.6)
It becomes an IN0-graded and thus ZZ2-graded Uq(g)-module algebra through the action ad
∧ which
is induced by ad and therefore
K(q, g) := Λ(X) ad
∧
⋊Uq(g) (3.7)
is an IN0-graded algebra which contains Λ(X) and Uq(g) as subalgebras [DSO]. Both in Λ(X) and
in Uq(g) the vector fields X are contained. For distinction it is written X ⊂ Λ(X) and X˜ ⊂ Uq(g).
On K(q, g) =
⊕∞
j=0 Λj(X)Uq(g) =
⊕∞
j=0Kj(q, g) a grade indicating algebra isomorphism γ :
K(q, g)→ K(q, g) exists such that γ(aj) = (−1)
jaj ∀ aj ∈ Kj(q, g). The central theorem of [DSO]
states that on K(q, g) a derivative d with the following properties can be uniquely defined.
d is Uq(g)−module morphism,
d(x) = x˜ ∈ Uq(g) ∀ x ∈ Λ(X) ,
d(k l) = d(k) l + γ(k) d(l) ∀ k, l ∈ K(q, g) .
(3.8)
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From this it follows that d2 = 0 and dγ + γd = 0. The complex (K(q, g), d) is a deformation of
the Koszul complex of the Lie algebras g associated with the root systems An, Bn, Cn and Dn.
We also need a chain complex structure on the tensor product K⊗(q, g) := K(q, g) ⊗ K(q, g) =⊕∞
j=0K
⊗
j (q, g) where K
⊗
j (q, g) =
⊕
n+m=j Kn(q, g) ⊗ Km(q, g). This is guaranteed by the next
proposition.
Proposition 3.1. The tensor space K⊗(q, g) is a super complex algebra with multiplication
map m⊗ = (mK ⊗mK) ◦ (idK ⊗ (Oˆ
(1)τ)KK ⊗ idK), with grade indicating algebra isomorphism
Γ = γ ⊗ γ, and with derivative D = (d⊗ idK) + (γ ⊗ d) such that
D(K⊗j (q, g)) ⊂ K
⊗
j−1(q, g) ,
D(u v) = D(u) v + Γ(u) D(v) ,
D2 = 0 ,
DΓ+ΓD = 0
(3.9)
where j ∈ IN0, u, v ∈ K
⊗(q, g) and uj ∈ K
⊗
j (q, g).
Proof. All the statements can be checked directly on homogeneous elements using the properties
of d and γ. After linear continuation the statements follow. 
The quantum enveloping algebra Uq(g) is a quasitriangular Hopf algebra with R-matrix R [Dri,
Ma3, Res]†. Similar as in [SZ] a representation of the quantum double D(Uq(g)) of Uq(g) [CEJSZ,
Dri] in the space Λ(X) will be constructed. Here the R-matrix
R◦ =
∑
R2
−1 ⊗R1′ ⊗∆U (R1
−1R2′) (3.10)
will be used which makes D(Uq(g)) a quasitriangular Hopf algebra. The structure maps are defined
through
m◦ = (mU ⊗mU ) ◦ (idU ⊗ τU U ⊗ idU ) ,
η◦ = ηU ⊗ ηU ,
∆◦ = R−123 (idU ⊗ τU U ⊗ idU ) ◦ (∆U ⊗∆U )( . )R23 ,
ε◦ = εU ⊗ εU ,
S◦ = R21 (SU ⊗ SU )( . )R
−1
21
(3.11)
with obvious notation [FRT]. We consider the mapping
Φ◦Γ :
{
Γinv → D(Aq)⊗ Γinv
η sr 7→
∑
t,u SA(t
u
r)⊗ t
s
t ⊗ η
t
u
(3.12)
† The matrix R is an element of a certain completion of the tensor product of Uq(g) [Dri, Ma3, Res]. In
this more general setting of quasitriangular Hopf algebras the notations and results especially of Section 2
remain unchanged.
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where D(Aq) is the dual quantum double of D(Uq(g)) [CEJSZ, Dri]. This defines a left coaction
of D(Aq) on Γinv [FRT, Ko2] since
∆◦◦(SA(t
u
r)⊗ t
s
t) =
∑
k,l
SA(t
k
r)⊗ t
s
l ⊗ SA(t
u
k)⊗ t
l
t ,
ε◦◦(SA(t
u
r)⊗ t
s
t) = δ
us
rt
(3.13)
where ∆◦◦ and ε◦◦ are the (dual) comultiplication and counit respectively of D(Aq) according to
Theorem 2 in [CEJSZ]. Since the spaces X and Γinv are dual (and finite dimensional) the map Φ
◦
Γ
in eq. (3.12) induces a left action of the quasitriangular Hopf algebra (D(Uq(g)),R
◦) on X.
ad◦ := ( . ) ◦Φ◦Γ : D(Uq(g))⊗ X→ X . (3.14)
From the definition it is obvious that
ad = ad◦ ◦ (∆U ⊗ idX) . (3.15)
To calculate the braiding Ψ0XX (w.r.t. D(Uq(g))) one observes that
< Ψ0XX(x⊗ y), η ⊗ ζ >
= < x⊗ y, (R◦ ⊗ idΓ ⊗ idΓ) (Φ
◦
Γ ⊗ Φ
◦
Γ) (η ⊗ ζ) >
= < x⊗ y,Ψt0XX(η ⊗ ζ) > .
(3.16)
where x⊗ y ∈ X⊗ X and η ⊗ ζ ∈ Γinv ⊗ Γinv. For the basis elements η
b
a ⊗ η
d
c ∈ Γinv ⊗ Γinv one
obtains
Ψt0XX(η
b
a ⊗ η
d
c ) =
∑
t,u,v,w
L+
u
c SU (L
−d
t)
(
SA(t
w
a)t
b
v
)
· η tu ⊗ η
v
w (3.17)
and comparing with [DSO] yields
Ψ0XX = σ . (3.18)
The results of Section 2 can now be applied. Through the identification X ∼= X1 and for α = 1 in
(2.21) one finds that
(Oˆ(1)Ψ0)XX = −Ψ0XX = −σ (3.19)
in the category of ZZ2-graded D(Uq(g))-left modules. Thus according to Proposition 2.9
and eqs. (3.6) and (3.19) the space Λ(X) is a braided super-Hopf algebra in the category
(D(Uq(g))M,⊗, IK, Oˆ
(1)Ψ0) of ZZ2-graded D(Uq(g))-left modules. Theorem 2.5 then yields the fol-
lowing corollary.
Corollary 3.2. Λ(X)⋊Oˆ(1) D(Uq(g)) is a super-Hopf algebra with structure maps defined through
the eqs. (2.7). 
For further argumentation we need
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Lemma 3.3. The comultiplication ∆U : Uq(g) → D(Uq(g)) is an injective Hopf algebra homo-
morphism.
Proof. Since Uq(g) is a Hopf algebra, ∆U is an injective CI-vector space homomorphism. With the
help of (3.11) it is straightforward to verify that
∆U ◦mU = m
◦ ◦ (∆U ⊗∆U ) ,
∆U ◦ ηU = η
◦ ,
(∆U ⊗∆U ) ◦∆U = ∆
◦ ◦∆U ,
εU = ε
◦ ◦∆U ,
∆U ◦ SU = S
◦ ◦∆U .
(3.20)
This concludes the proof. 
The injective linear mapping φ := (idΛ ⊗∆U ) : Λ(X) ⊗ Uq(g) → Λ(X) ⊗ D(Uq(g)) enables us to
formulate
Theorem 3.4. φ(Λ(X) ⊗ Uq(g)) is a super-Hopf subalgebra of Λ(X) ⋊Oˆ(1) D(Uq(g)) and thus
Λ(X)⊗ Uq(g) becomes a super-Hopf algebra through the mappings
mK := φ
−1 ◦ mˆ ◦ (φ⊗ φ) ,
ηK := φ
−1 ◦ ηˆ ,
∆K := (φ
−1 ⊗ φ−1) ◦ ∆ˆ ◦ φ ,
εK := εˆ ◦ φ ,
SK := φ
−1 ◦ Sˆ ◦ φ .
(3.21)
The algebra (Λ(X) ⊗ Uq(g), mK , ηK) coincides with the algebra K(q, g). Therefore the space
(K(q, g), ∆K , εK , SK) is a super-Hopf algebra.
Proof. L := φ(Λ(X) ⊗ Uq(g)) is IN0-graded w.r.t. the grading in Λ(X) =
⊕∞
j=0 Λi(X). If one can
show that mˆ(L⊗ L) ⊂ L , ∆ˆ(L) ⊂ L⊗ L , Sˆ(L) ⊂ L the proof is done. Some calculation yields
mˆ((λ⊗ u)⊗ (µ⊗ v)) =
∑
λ · (u(1) ⊲ µ)⊗∆U (u(2)v) ,
∆ˆ(λ⊗ u) =
∑
λ(1) ⊗∆U (R
−1
1 R2′u(1))⊗ (R
−1
2 ⊗R1′) ⊲
◦ λ(2) ⊗∆U (u(2)) ,
Sˆ(λ⊗ u) =
∑(
∆U SU (R
−1
1 R2′u)(1) (R
−1
2 ⊗R1)
)
⊲◦ SΛ(λ)⊗∆U SU (R
−1
1 R2′u)(2)
(3.22)
where we used the quasitriangularity of (D(Uq(g)),R
◦), and eqs. (2.7) and (3.10). In the above
relations ⊲ is the action ad∧ : Uq(g)⊗Λ(X)→ Λ(X) and ⊲
◦ is the action ad◦ ∧ : D(Uq(g))⊗Λ(X)→
Λ(X) which are induced from ad and ad◦ respectively. 
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In the last part of this section we will show that mK , ηK , ∆K , εK , and SK from the definition in
(3.21) respect the chain complex structure induced by the derivation d.
Theorem 3.5. If the tensor product K⊗(q, g) = K(q, g) ⊗ K(q, g) is supplied with the chain
complex structure according to Proposition 3.1 then the mappings
mK : (K
⊗(q, g),D)→ (K(q, g), d) ,
ηK : (CI, 0)→ (K(q, g), d) ,
∆K : (K(q, g), d)→ (K
⊗(q, g),D) ,
εK : (K(q, g), d)→ (CI, 0) ,
SK : (K(q, g), d)→ (K(q, g), d)
(3.23)
are ZZ2-graded morphisms of complexes with differentiation [CE], i.e. the diagrams
(D-2)
K(q, g)
εK−−−−→ CI
d
y 0y
K(q, g)
εK−−−−→ CI
CI
ηK
−−−−→ K(q, g)
0
y d
y
CI
ηK
−−−−→ K(q, g)
K(q, g)
SK−−−−→ K(q, g)
d
y d
y
K(q, g)
SK−−−−→ K(q, g)
K⊗(q, g)
mK−−−−→ K(q, g)
D
y d
y
K⊗(q, g)
mK−−−−→ K(q, g)
K(q, g)
∆K−−−−→ K⊗(q, g)
d
y Dy
K(q, g)
∆K−−−−→ K⊗(q, g)
and the corresponding diagrams where d, D and 0 are replaced by γ, Γ and idCI respectively, are
commutative.
Proof. The several proofs are either very similar or very simple. We only sketch the proof of
the identity SK ◦ d = d ◦ SK . Let X
l
k ∈ X be a basis element of X ⊂ Λ(X). Then using
the notation of [DSO] one obtains SK d(X
l
k) = SU (X˜ lk) ∈ Uq(g) . On the other side one gets
d SK(X
l
k) = −
∑
a,b SU (Θ
la
kb) X˜ba where Θ
la
kb = L
+l
b SU (L
−a
k). Inserting the definition of
X˜ba according to eq. (3.2) yields d SK(X
l
k) = SU (X˜ lk). For u ∈ Uq(g) ⊂ K(q, g) the identity
dSK(u) = SK d(u) is trivially valid. Now let a, b ∈ K(q, g) be homogeneous elements of degree
aˆ and bˆ respectively which obey the relations dSK(a) = SK d(a) and dSK(b) = SK d(b). Then
SK d(a b) = (−1)
(aˆ−1) bˆSK(b) d SK(a) + (−1)
aˆ bˆd SK(b)SK(a) = d SK(a b) where the fact has been
used that K(q, g) is a super-Hopf algebra and that d decreases the degree by 1. Since X and Uq(g)
generate K(q, g) it follows that SK ◦ d = d ◦ SK . 
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